
Methods of 
Mathematical Physics-I

Dipankar Bhattacharya


IUCAA-NCRA Graduate School 2021



Methods of Mathematical Physics-I IUCAA-NCRA Graduate School 2021 Dipankar Bhattacharya

• 21 lectures - Mon, Wed, Fri  10 AM - 11 AM 

• October : 25, 27, 29 

• November : 01, 03, 08, 10, 12, 15, 19, 22, 24, 26, 29 

• December : 01, 03, 06, 08, 10, 13 

• Mid-term evaluation: 17 November [30%] 

• Final evaluation: 17 December [40%] 

• Assignment 1: issue 01 Nov; due 08 Nov.  [15%] 

• Assignment 2: issue 29 Nov; due 06 Dec.  [15%] 

• Textbooks:  
• Mathematical Methods for Physicists - G.B. Arfken, H.J. Weber & F.E. Harris, Academic Press 

(Elsevier), 2012 
• Mathematical Methods of Physics - J. Mathews and R.L. Walker, Addison Wesley, 1970 
• The Fourier Transform and its applications - R.N. Bracewell, McGraw-Hill, 2000 
• Data Analysis: A Bayesian Tutorial - D.S. Sivia & J. Skilling, Oxford University Press, 2006

http://www.iucaa.in/~dipankar/mmp1-2021/
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Ordinary Differential Equations

x : independent variable 
y : dependent variable (unknown):   y(x)

Linear differential equation: 
<latexit sha1_base64="EnHiRSkqhqsH9+6x3CUGIwRXQTI=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0Wol5JIUS9C0YsHDxXsB7ShbLabdulmE3Y3aon9KV48KOLVX+LNf+O2zUFbHww83pthZp4fc6a043xbS8srq2vruY385tb2zq5d2GuoKJGE1knEI9nysaKcCVrXTHPaiiXFoc9p0x9eTfzmPZWKReJOj2LqhbgvWMAI1kbq2oW0QzBHN2M0QhcoKD0ed+2iU3amQIvEzUgRMtS69lenF5EkpEITjpVqu06svRRLzQin43wnUTTGZIj7tG2owCFVXjo9fYyOjNJDQSRNCY2m6u+JFIdKjULfdIZYD9S8NxH/89qJDs69lIk40VSQ2aIg4UhHaJID6jFJieYjQzCRzNyKyABLTLRJK29CcOdfXiSNk7J7Wq7cVorVyyyOHBzAIZTAhTOowjXUoA4EHuAZXuHNerJerHfrY9a6ZGUz+/AH1ucPDVWSkw==</latexit>

Ly = f(x)

<latexit sha1_base64="34M9qlcrqdLP+vG9eOF/cIpnbeI=">AAACHHicbZBNS8MwGMfT+TbnW9Wjl+AQJsJo51AvwtCLBw8T3AtspaRZuoWlaUlSoZR9EC9+FS8eFPHiQfDbmG1F5uYfAv/8nuchef5exKhUlvVt5JaWV1bX8uuFjc2t7R1zd68pw1hg0sAhC0XbQ5IwyklDUcVIOxIEBR4jLW94Pa63HoiQNOT3KomIE6A+pz7FSGnkmqdpFyMGb0ewlLg2PIGJWzmGl/AXT+nMtQJds2iVrYngorEzUwSZ6q752e2FOA4IV5ghKTu2FSknRUJRzMio0I0liRAeoj7paMtRQKSTTpYbwSNNetAPhT5cwQmdnUhRIGUSeLozQGog52tj+F+tEyv/wkkpj2JFOJ4+5McMqhCOk4I9KghWLNEGYUH1XyEeIIGw0nkWdAj2/MqLplkp22fl6l21WLvK4siDA3AISsAG56AGbkAdNAAGj+AZvII348l4Md6Nj2lrzshm9sEfGV8/UNSdzA==</latexit>

L(y1 + y2) = Ly1 + Ly2 ;
<latexit sha1_base64="ZDVNjfJD7VlAxyLkTeZIAivsElc=">AAACOXicbVDLSgMxFM34rPU16tJNsBQqQpkpRd0IRTcuXFSwD2iHcidN29DMgyQjDEN/y41/4U5w40IRt/6AaTtobT0QODnnHpJ73JAzqSzr2VhaXlldW89sZDe3tnd2zb39ugwiQWiNBDwQTRck5cynNcUUp81QUPBcThvu8GrsN+6pkCzw71QcUseDvs96jIDSUses5pM2AY5vRrgQd2x8guNO6Rhf4B95qs5cSzj7m4F4PAwztpmzitYEeJHYKcmhFNWO+dTuBiTyqK8IBylbthUqJwGhGOF0lG1HkoZAhtCnLU198Kh0ksnmI5zXShf3AqGPr/BEnU0k4EkZe66e9EAN5Lw3Fv/zWpHqnTsJ88NIUZ9MH+pFHKsAj2vEXSYoUTzWBIhg+q+YDEAAUbrsrC7Bnl95kdRLRfu0WL4t5yqXaR0ZdIiOUAHZ6AxV0DWqohoi6AG9oDf0bjwar8aH8TkdXTLSzAH6A+PrGxM/p78=</latexit>

L(ay) = aLy (a is a scalar)

     is a differential operator such that:
<latexit sha1_base64="pX3mU4onqgOXxoNOaydYRCWlcsE=">AAACQ3icbVDLSgMxFM34rOOr6tJNsBQqQpkpRd0IRTcuXFSwD2zLcCdN29DMgyQjDEP/zY0/4M4fcONCEbeC6UOtrQcCJ+fcw02OG3ImlWU9GQuLS8srq6k1c31jc2s7vbNblUEkCK2QgAei7oKknPm0opjitB4KCp7Lac3tXwz92h0VkgX+jYpD2vKg67MOI6C05KRvs0mTAMdXA5yLHRsf4dgpHOIz/COP1alrAZtTIYiH0/Drm9/USWesvDUCnif2hGTQBGUn/dhsByTyqK8IBykbthWqVgJCMcLpwGxGkoZA+tClDU198KhsJaMOBjirlTbuBEIfX+GROp1IwJMy9lw96YHqyVlvKP7nNSLVOW0lzA8jRX0yXtSJOFYBHhaK20xQonisCRDB9Fsx6YEAonTtpi7Bnv3yPKkW8vZxvnhdzJTOJ3Wk0D46QDlkoxNUQpeojCqIoHv0jF7Rm/FgvBjvxsd4dMGYZPbQHxifXz4gq0I=</latexit>

L

<latexit sha1_base64="TnUGqiJbOUaOBQE5vDvhhSX6Z8Q="></latexit>

L = ⇠0(x) +
nX

k=1

⇠k(x)
dk

dxk

<latexit sha1_base64="YCFLyvikk9Gm4qapsxEQHelEeBk="></latexit>

f(x) = 0
<latexit sha1_base64="dVQmssBywHaz54Ddz13hWrhFTQ0="></latexit>

f(x) 6= 0: Homogeneous : Inhomogeneous
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A differential equation generates a family of solutions 
Boundary conditions are required to pick out a specific one 
Number of boundary conditions = order of the differential equation

y(x)

xx0

y0,1

y0,2

<latexit sha1_base64="iC1IDwmVuml9pBm3E5ZMk+us5KQ="></latexit>

dy

dx
= f(x, y)
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First order ODE
<latexit sha1_base64="qZr1R0ntwKYs2mm9zdjtZ2HlQcI="></latexit>

dy

dx
+ p(x)y = q(x)

which requires 
<latexit sha1_base64="y269Tm5jQ2upifWWUzK2RTAYEIE="></latexit>

d↵(x)

dx
= ↵(x)p(x) , i.e. 

<latexit sha1_base64="1/PP3OMogP052DE3da6Sqx5365Y="></latexit>

↵(x) = e
R
p(x)dx

The LHS can be converted to a perfect differential by introducing 
an integrating factor

<latexit sha1_base64="5H/4yO21gb1z/rt4ddTc0owGvIs="></latexit>

↵(x)
<latexit sha1_base64="EIC1d+ktX2wZrY1IljFz/WlfM/k="></latexit>

↵(x)
dy

dx
+ ↵(x)p(x)y = ↵(x)q(x)

Such that LHS = 
<latexit sha1_base64="6BvgEFidiSj/hH4oUhJk+DaK5sY="></latexit>

d

dx
{↵(x)y}

<latexit sha1_base64="iAWbzQEaqTfd6Yt/vcnGJG7gpNo="></latexit>

= ↵(x)q(x)

Integration can then evaluate 
<latexit sha1_base64="cj//PtJojrcYy80cZFlJmQYUPA4="></latexit>

↵(x)y(x), subject to B.C.
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Pfaffian Forms
<latexit sha1_base64="c3phjmOcFYPZ6dlzZ04IHLahVeQ="></latexit>

d� = X(x, y)dx+ Y (x, y)dy

is a Pfaffian differential form in two variables
Such a form can be defined for any number of independent variables

<latexit sha1_base64="065DWDthKT0IB5dgKwUBHSrDesY="></latexit>

d� need not be a perfect differential, but if it happens to be then
<latexit sha1_base64="vR1VUDYGFB8VEOW7uooUPAzxTTU="></latexit>

X =
@�

@x

<latexit sha1_base64="7+9dlgYr+Oqp3UfZmwUFfM+r/q0="></latexit>

Y =
@�

@y

<latexit sha1_base64="1fyZN0X0wA+g8IhbWEX29p1hSRI="></latexit>

@X

@y
=

@2�

@x@y
=

@Y

@x
; and

If this is not satisfied then 
<latexit sha1_base64="m2KGxP87/hRuOsZj3LUvjy/mYXs="></latexit>

d� is not a perfect differential and
<latexit sha1_base64="B1XrVmSPShmKlW3bI+ClohZQ10g="></latexit>I

d� 6= 0

Example: in thermodynamics
<latexit sha1_base64="Abt55r5ErFIqb+8735uz4bgbiew="></latexit>

dQ = dU + pdV
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A Pfaffian in two variables always admits an integrating factor

Consider
<latexit sha1_base64="iRt3KP85nc8P3N4xUNJp3ow3dH4="></latexit>

d� = X(x, y)dx+ Y (x, y)dy = 0

Then 
<latexit sha1_base64="UWjj8hukazCiKMsYF/+iGClw45M="></latexit>

dy

dx
= �X(x, y)

Y (x, y)
is well defined at each (x,y) and can thus

be solved to yield a one-parameter family of curves 
<latexit sha1_base64="yYYI6ogAqWVvd2AQGYqd2OEeCQQ="></latexit>

�(x, y) = C

for which 
<latexit sha1_base64="8x0vyPO21K2TNn/wnEi9XGG41ao="></latexit>

@�

@x
+

@�

@y

dy

dx
= 0 and hence

<latexit sha1_base64="99pcjJTYUr8aFkzn45zuamgSkJQ="></latexit>

dy

dx
= �@�/@x

@�/@y

so that 
<latexit sha1_base64="B1h2K+ixsRhVRqXs92Jdy78s8AE="></latexit>

X = ⌧(x, y)
@�

@x
, 

<latexit sha1_base64="oV6mhdEnT2ggGDYoHKNV+fVVkx4="></latexit>

Y = ⌧(x, y)
@�

@y

and 
<latexit sha1_base64="cHi29Bb3j7nqo6OTeJriBnYJ7Q8="></latexit>

d� = ⌧(x, y){@�
@x

dx+
@�

@y
dy} = ⌧(x, y)d�

thus
<latexit sha1_base64="obHHmD3M+5fXNoR9rOXpT3V1nxc="></latexit>

d�

⌧(x, y)
= d� is a perfect differential

* Not guaranteed in more than two variablesIntegrating denominator
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If an integrating factor is admitted then non-intersecting hypersurfaces
<latexit sha1_base64="YZRhhBqsEZksCxtqumNQv2XcHoY="></latexit>

�(x, y, ....) = constant

can be constructed to represent 
<latexit sha1_base64="LP8H5EVhMspJGcs3wwWRNmyzdvE="></latexit>

d� = 0

A solution is confined to a hypersurface; will not reach points in the 
vicinity but not on the surface
In thermodynamics this is ensured by the second law:

Arbitrarily near any given state of a system with any number of thermodynamic 
variables, there exist states which cannot be reached by reversible adiabatic 
processes.                 —    C. Caratheodory (1909)

This implies that          admits an integrating denominator:
<latexit sha1_base64="QLp8A3drx4A1rFrwUv78yahezk8="></latexit>

dQ
<latexit sha1_base64="tAP+wu8mgZ534YkujcerudDMtiQ="></latexit>

dQ

T
= dS

and provides a mathematical definition of Temperature and Entropy
Reference: An introduction to the study of stellar structure - S. Chandrasekhar (1939)
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Partial Differential Equations of first order

A. Homogeneous
<latexit sha1_base64="LYifLt9wg87s0FSrxe02GzZkD6U="></latexit>

L� = a
@�

@x
+ b

@�

@y
= 0 To solve, need to


reduce to ODEs

Method of characteristics
Introduce new variables

<latexit sha1_base64="KXQj5NaZ1lc4gNZ/q0Kt50EGnSw="></latexit>

s = ax+ by and
<latexit sha1_base64="sPzI+zc8nDPmoerHkLrkVGFcMFs="></latexit>

t = bx� ay (orthogonal)

Then
<latexit sha1_base64="J4lYdc4RWeSHWew+eqgFAfrB6JQ="></latexit>✓
@�

@x

◆

y

=

✓
@�

@s

◆✓
@s

@x

◆

y

+

✓
@�

@t

◆✓
@t

@x

◆

y

= a

✓
@�

@s

◆
+ b

✓
@�

@t

◆

Similarly
<latexit sha1_base64="4/1T3dCDODXWxZXGWWYfpnA2UpY="></latexit>✓
@�

@y

◆

x

= b

✓
@�

@s

◆
� a

✓
@�

@t

◆

So
<latexit sha1_base64="Fh0qaoHCjmmissOnpaPNwkUw7xo="></latexit>

L� = a2
✓
@�

@s

◆
+ ab

✓
@�

@t

◆
+ b2

✓
@�

@s

◆
� ab

✓
@�

@t

◆
= 0
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<latexit sha1_base64="JEK9jcUsNfs+mgpUDN97HAloMDc="></latexit>

L� = (a2 + b2)
@�

@s
= 0 :      is independent of     : 

<latexit sha1_base64="3juJ0h4D6zXwYTSWA1AMLFtP+Uk="></latexit>

� <latexit sha1_base64="fwEb+R+CTDFj+HHpZbJCytZ83lU="></latexit>s
<latexit sha1_base64="E7w1MOZR+nVU5HafBu4FWLy1t5U="></latexit>

�(s, t) = �(t)

<latexit sha1_base64="jrs/2vQiYOUaXpJkQte/oBCqeLw="></latexit>

�(x, y) is an arbitrary function of 
<latexit sha1_base64="vn75HGDlQy4xJPls1kyc3i9o1A8="></latexit>

(bx� ay)

To be specified by boundary conditions
<latexit sha1_base64="poeaJxF9ACiv4BUpoI1cgB2dIKE="></latexit>

�(x, y) =
<latexit sha1_base64="Jq1e7A2xzo3b0A0LKNv8VLJJkR8="></latexit>

(bx� ay) =constant     on lines of constant :  Characteristics

Specify boundary conditions on a line. 

Propagate values along characteristics 
from intersection points, to fill the full 
plane. 

Boundary curve crossing a characteristic 
more than once may lead to inconsistency. 

Boundary curve coincident with a 
characteristic will be either irrelevant or 
inconsistent. 

t = const: c
haracteristi

cs

s = const

line of B.C.

x

y
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B. Inhomogeneous

Partial Differential Equations of first order
<latexit sha1_base64="Rd++tFHNGmTIN5XxnH/fdj/F4OU="></latexit>

L� = a
@�

@x
+ b

@�

@y
+ q(x, y)� = F (x, y)

Use the characteristics of 
<latexit sha1_base64="ibIRul1b/JU7zfC9qCcztFWb5DU="></latexit>

a
@�

@x
+ b

@�

@y
= 0 :

<latexit sha1_base64="HB5uHG++Uc8aVZq7zBS8YRP9j5I="></latexit>

x =
as+ bt

a2 + b2
, y =

bs� at

a2 + b2

This is now an ODE with t as a parameter.  The ODE in s may be solved 
using usual techniques. 

<latexit sha1_base64="MrKF6jSEtLwfNrmU37MYIAVxmk4="></latexit>

(a2 + b2)
@�

@s
+ q̂(s, t)� = F̂ (s, t)⇒

For a PDE of the form
<latexit sha1_base64="fsgG7LTrlDON9aq+kLTaDe4wUVM="></latexit>

a(x, y)
@�

@x
+ b(x, y)

@�

@y
= C(x, y)

We note 
<latexit sha1_base64="KLZl6958OpKhg48FPNPoEiGWo5s="></latexit>

dx

a(x, y)
=

dy

b(x, y)
=

d�

C(x, y)

Characteristics may be found by solving 
<latexit sha1_base64="oScSTqcYybzlxFc+AT+kh3QSan4="></latexit>

dx

ds
= a(x, y);

dy

ds
= b(x, y)

and eliminating s from the result.
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Partial Differential Equations of first order

In 3-D:
<latexit sha1_base64="KK9s/xZwGEyin9LsdXztD7ImPEg="></latexit>

a
@�

@x
+ b

@�

@y
+ c

@�

@z
= 0

<latexit sha1_base64="iNaq4j5fSTsjXMY6no58sAP5FbQ="></latexit>

t <latexit sha1_base64="ixq46gdtR4hhnIR5wiFAIJSXwqY="></latexit>uDefine 
<latexit sha1_base64="u1Y1Jqldhb8U+2nCzdRaeB0h9tM="></latexit>

s = ax+ by + cz and two other coordinates    and 
such that 

<latexit sha1_base64="vs65aKDuvQC5Zr3Px6QtbT68tmg="></latexit>

(s, t, u) form an orthogonal triad

This will reduce the equation to
<latexit sha1_base64="zFLKV6b5tE03yfP9d2k18XUP0SU="></latexit>

(a2 + b2 + c2)
@�

@s
= 0

Hence the solutions are
<latexit sha1_base64="THVn+gX6ZlI9oLMeNeO47Hs2RTY="></latexit>

�(s, t, u) = f(t, u)

On lines with fixed t and u, the solution is constant for all s

These are the characteristics

Boundary conditions are to be specified on surfaces  
      - Not coincident with characteristics 
      - Not intersecting a characteristic more than once


