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Bayesian Inference
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Sivia and Skilling 2006

Deductive vs 
Inductive 
logic.


The latter is 
often used in 
Scientific 
inference.
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All probabilities are conditional:
<latexit sha1_base64="Ey150J4E0bh/2sHhjHDQd96o0ag=">AAAB7XicbVBNSwMxEJ2tX7V+VT0KEixCvZRdEfUkVS8eK9gPaJeSTbNtbDZZkqxQav+DFw8t4tX/481/Y7btQasPBh7vzTAzL4g508Z1v5zM0vLK6lp2PbexubW9k9/dq2mZKEKrRHKpGgHWlDNBq4YZThuxojgKOK0H/dvUrz9RpZkUD2YQUz/CXcFCRrCxUi0uXj/fnLTzBbfkToH+Em9OCuXDcYpJpZ3/bHUkSSIqDOFY66bnxsYfYmUY4XSUayWaxpj0cZc2LRU4otofTq8doWOrdFAolS1h0FT9OTHEkdaDKLCdETY9veil4n9eMzHhpT9kIk4MFWS2KEw4MhKlr6MOU5QYPrAEE8XsrYj0sMLE2IByNgRv8eW/pHZa8s5LZ/c2jSuYIQsHcARF8OACynAHFagCgUd4gTFMHOm8Om/O+6w148xn9uEXnI9v5mSSbA==</latexit>

p(A|B) - depends on prior B

Let 
Available prior information:   I

Data resulting from experiment:   D

Hypothesis for a cause:   H

<latexit sha1_base64="m/DZAQsMTJZFxaU7w/MZsrc34ag=">AAAB7XicbVBNSwMxEJ2tX7V+VT0KEixCvZRdEfUkBS96q2A/oF1KNs22sdlkSbJCqf0PXjy0iFf/jzf/jdm2B219MPB4b4aZeUHMmTau++1kVlbX1jeym7mt7Z3dvfz+QU3LRBFaJZJL1QiwppwJWjXMcNqIFcVRwGk96N+mfv2ZKs2keDSDmPoR7goWMoKNlWpxsfFyf9bOF9ySOwVaJt6cFMrH4xSTSjv/1epIkkRUGMKx1k3PjY0/xMowwuko10o0jTHp4y5tWipwRLU/nF47QqdW6aBQKlvCoKn6e2KII60HUWA7I2x6etFLxf+8ZmLCa3/IRJwYKshsUZhwZCRKX0cdpigxfGAJJorZWxHpYYWJsQHlbAje4svLpHZe8i5LFw82jRuYIQtHcAJF8OAKynAHFagCgSd4hTFMHOm8Oe/Ox6w148xnDuEPnM8fFDeSig==</latexit>

p(X|I) represents the probability that X is true, given I (information)
<latexit sha1_base64="/9f6PSDSvjeYf31Et9T/7Teqx9M=">AAAB83icbVBNSwMxEJ31s9avqkdBgkWol7Irop6k4EVvFewHdEvJptk2NJsNSVYoa/+GoB4U8eqf8ea/Mdv2oK0PBh7vzTAzL5CcaeO6387C4tLyympuLb++sbm1XdjZres4UYTWSMxj1QywppwJWjPMcNqUiuIo4LQRDK4yv3FPlWaxuDNDSdsR7gkWMoKNlXxZ8gOs0ubo4ea4Uyi6ZXcMNE+8KSlWDp4yPFc7hS+/G5MkosIQjrVuea407RQrwwino7yfaCoxGeAebVkqcER1Ox3fPEJHVumiMFa2hEFj9fdEiiOth1FgOyNs+nrWy8T/vFZiwot2yoRMDBVksihMODIxygJAXaYoMXxoCSaK2VsR6WOFibEx5W0I3uzL86R+UvbOyqe3No1LmCAH+3AIJfDgHCpwDVWoAQEJj/AKb07ivDjvzsekdcGZzuzBHzifP90ulU8=</latexit>

p(X̄|I) represents the probability that X is false, given I (information)
<latexit sha1_base64="rLdN0nQ9UDkBYzNL2PzTSCf23n4=">AAAB/nicbVDLSgMxFM3UV62vUXElSLAIFaHMiKgbpeBGdxVsO9AOJZNm2tBMJiQZoYwFf0N3blwo4tbvcOffmGm70OqBCyfn3EvuPYFgVGnH+bJyM7Nz8wv5xcLS8srqmr2+UVdxIjGp4ZjF0guQIoxyUtNUM+IJSVAUMNII+heZ37glUtGY3+iBIH6EupyGFCNtpLa9JUre3dX+gSi1AiRTb2geZ27bLjplZwT4l7gTUqzsPGR4rLbtz1YnxklEuMYMKdV0HaH9FElNMSPDQitRRCDcR13SNJSjiCg/Ha0/hHtG6cAwlqa4hiP150SKIqUGUWA6I6R7atrLxP+8ZqLDUz+lXCSacDz+KEwY1DHMsoAdKgnWbGAIwpKaXSHuIYmwNokVTAju9Ml/Sf2w7B6Xj65NGudgjDzYBrugBFxwAirgElRBDWCQgifwAl6te+vZerPex605azKzCX7B+vgGi+WYUQ==</latexit>

p(X|I) + p(X̄|I) = 1
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One may write
<latexit sha1_base64="Z1kCaZOWC8Zrj7nzKaeT7vUfETQ="></latexit>

p(X,Y |I) = p(X|Y, I)⇥ p(Y |I)

<latexit sha1_base64="2ULIyb4xGHDPa3paDBbAVo4HAlc="></latexit>

p(X,Y |I) = p(Y |X, I)⇥ p(X|I)Also

Therefore
<latexit sha1_base64="OgHucFBQKOuJzhOpdhO9cc3/Ve4="></latexit>

p(X|Y, I)p(Y |I) = p(Y |X, I)p(X|I)

Thus
<latexit sha1_base64="cDp7dR75QYHAxYLyu+zfvMUgX/c="></latexit>

p(X|Y, I) = p(Y |X, I)p(X|I)
p(Y |I)

This result is known as the Bayes’ Theorem

In the above, X may be replaced by Hypothesis H and Y by Data D. Then

<latexit sha1_base64="rETfazHY+MstQCS9h5rXXTU5z1o="></latexit>

p(H|D, I) =
p(D|H, I)p(H|I)

p(D|I)
The LHS here is called the Posterior, and on the RHS

<latexit sha1_base64="j0IPtJkynTVO2kxJZ1aTbJQAlXg="></latexit>

p(H|I) is called the
Prior. 

<latexit sha1_base64="VVDoju49SdDXMHXXo2ZA8/xRuJg="></latexit>

p(D|H, I) is known as the Likelihood and
<latexit sha1_base64="GGGWIdKepQ0LrndKa3TTYqitpfU="></latexit>

p(D|I) the Evidence.

[Bayes 1763]
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We also note
<latexit sha1_base64="tMbaJPRQQUG+w0p3l623hjKE5mw="></latexit>

p(X,Y |I) = p(Y,X|I) = p(Y |X, I)⇥ p(X|I)
<latexit sha1_base64="S8VAnd7J8klmlJJgJoDlChJvqno="></latexit>

p(X, Ȳ |I) = p(Ȳ , X|I) = p(Ȳ |X, I)⇥ p(X|I)

So
<latexit sha1_base64="zxQyVltfz4optVxHKhyMZzZja40="></latexit>

p(X,Y |I) + p(X, Ȳ |I) = [p(Y |X, I) + p(Ȳ |X, I)]⇥ p(X|I)

i.e.
<latexit sha1_base64="AZdC1aXMcV9quAGCctF5A3YK1ac="></latexit>

p(X|I) = p(X,Y |I) + p(X, Ȳ |I)

The two terms on the RHS together encompass the exhaustive set of possibilities  
for Y.

Consider that Y takes a discrete set of possible values
<latexit sha1_base64="ADyS2lQpugLyUMbOwfJOaQF/vrI="></latexit>

{Yk} = Y1, Y2, Y3...., YM

,  subject to 

<latexit sha1_base64="j3NyS9bCLv6xNmjPMPb28xsROKA="></latexit>

MX

k=1

p(Yk|I) = 1

If Y is a continuous variable (a parameter), then
<latexit sha1_base64="uSVYrbVO82RP5Erg+2sZVZAF7q0="></latexit>

p(X|I) =
1Z

�1

p(X,Y |I) dY This is called Marginalisation

Then 

<latexit sha1_base64="+gj8DONvdCqm++JSWCRIh2+uoFo="></latexit>

p(X|I) =
MX

k=1

p(X,Yk|I)
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Examples of Bayesian Inference

Game Show problem:

• There are three closed doors, there is a car behind one of them


• The contestant wins the car if the correct door is chosen


• Contestant chooses door 1


• The host opens door 3 and shows that it has no car behind it


• Contestant is asked whether to stick with original choice or 
choose door 2

What should the contestant do to maximise the probability of winning?

Hypotheses Hn : car is behind door n

Prior: 
<latexit sha1_base64="qSSOWnKiFjwZrFJsQSk9GgOg7FE="></latexit>

p(H1|I) = p(H2|I) = p(H3|I) =
1

3
Data:  Door 3 was opened when Door 1 was chosen. Car is not behind Door 3.

We note then
<latexit sha1_base64="JX293kibYDLoqiao29HnaA77B5A="></latexit>

p(D|H3, I) = 0, p(D|H1, I) =
1

2
, p(D|H2, I) = 1
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<latexit sha1_base64="cROSQXdzhZY0KXy+WoSdiQ/6Omk="></latexit>

p(D|I) =
X

n

p(D|Hn, I)p(Hn|I)So
<latexit sha1_base64="MMvr22R0KTSf8QfsQednhPpxACQ="></latexit>

=
1

2
· 1
3
+ 1 · 1

3
+ 0 · 1

3
=

1

2
<latexit sha1_base64="/aIwKOINIFh6Fzu36+IYNQiFjwE="></latexit>

) p(H1|D, I) =
p(D|H1, I)p(H1|I)

p(D|I) =
1
2 · 1

3
1
2

=
1

3
<latexit sha1_base64="z2CcTZEm1Qx2SNjNK7AIufqTDJc="></latexit>

p(H2|D, I) =
p(D|H2, I)p(H2|I)

p(D|I) =
1 · 1

3
1
2

=
2

3

Thus changing the choice to Door 2 will double the chances of winning the car.
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Medical test for a rare disease

• Say one in 104 people have such a disease
• There is a good test available, with false positivity rate of 2% 

and false negativity rate of 1% 
• If a patient tests positive in this test then what is the 

probability that the patient really has this disease?

Hypothesis H: patient has the disease; 
<latexit sha1_base64="PNWbuneqOL7jNaNknUl21aLKF4M="></latexit>

H̄ : patient does not have the disease 
<latexit sha1_base64="rHI/U3iToI3VzXjURgnQt5Y3+N4="></latexit>

p(H|I) = 10�4; p(H̄|I) = 1� 10�4Prior:

Data D: patient tests positive:
<latexit sha1_base64="nG1OkLvRIZ3SQex7SSI8lD39fNw="></latexit>

p(D|H, I) = 1� 0.01 = 0.99; p(D|H̄, I) = 0.02

<latexit sha1_base64="5Xl7mfvro/2vJ3YnTA4gIE0DH5M="></latexit>

= 0.99⇥ 10�4 + 0.02⇥ (1� 10�4) = 0.020097

= 0.493%

So
<latexit sha1_base64="LW83gdhMHbYAzEv09+94SANGn/U="></latexit>

p(D|I) = p(D|H, I)p(H|I) + p(D|H̄, I)p(H̄|I)

And
<latexit sha1_base64="eOiOSJhbDC4VSjSdcDqO22e3+7E="></latexit>

p(H|D, I) =
p(D|H, I)p(H|I)

p(D|I) =
0.99⇥ 10�4

0.020097
= 4.93⇥ 10�3


