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Phenom model with Higher modes

! Solid curves represent the 
hybrid modes and the 
dashed curves represent 
the phenom models of them"

! The black dots represent 
the transition frequency 
from inspiral-merger to 
ringdown.
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PN signatures in the BBH mergers

The amplitudes of most of 
the non spinning modes, 
except 32 and 43, follows a 
PN-like scaling through 
merger.

These modes, hence an be 
argued to, capture the 
strong-Þeld, non-
perturbative dynamics of 
BBHs.
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Borhanian, Arun, Pfeiffer, Sathyaprakash, 2019 (in preparation)



Modelling mode-mixing in gravitational waveforms

! Mode mixing introduces non-
monotonic behaviour in the 
waveform amplitude and phase Ñ 
di#cult to model. "

! Transform the basis into 
spheroidal harmonics in Òhigh 
frequencyÓ"

! Model this by phenom 
functions. Transform back to 
spherical basis."

! In the plot, the dashed curves 
show the phenom models for 
the modes shown in the legend.
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 Post-Newtonian Eccentric gravitational waveforms

3PN non-spinning gravitational modes/polarisations including 
hereditary effects (small eccentricity approximation).

Y Boetzel,  C K Mishra,  G Faye, A Gopakumar, and B R Iyer 2019 (in preparation). 

2PN non-precessing gravitational waveforms for 
eccentric systems with Spin-orbit effects. 

Srishti Tiwari,  A Gopakumar 2019 (in preparation). 
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Testing BH mimickers
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Constraining the properties of “black hole mimickers”

! … from constraints on tidal deformation

Qi j = ! ! Ei j

Tidally induced 
quadrupole 

Tidal 
Field 

Tidal 
deformability 
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FIG. 1: Left panel:The dashed line shows the minimum value ! min of the dimensionless tidal deformability parameter allowed by the polytropic
EOS, plotted against the polytropic index n. The violin plots show the marginalized posterior distribution of ! 1 from a simulated event with
(detector frame) masses of 39.5 and 31.7M! while the red triangles show the 90% credible upper bounds ! ul . The shaded region shows the
values of n for which the observed upper bounds ! ul are lower than the theoretical minimum ! min for the EOS, and hence can be ruled out. In
all panels, the values of n for which there are no points for a given event are those values for which there are not a su" cient number of posterior
samples satisfying the selection criteria discussed in the text (i.e., contact frequency > cuto# frequency used in the parameter estimation or
! 1 < ! min). Middle panel:Same as the left panel, except that we show the upper bounds obtained from all four simulated events (masses shown
in legend). We show the largest exclusion region, corresponding to the most massive system considered (the same one as in the left panel). Right
panel: The maximum value of the polytropic constant K (for a given polytropic index n) that is unconstrained by the observed lower limit mll

on the mass of the compact object for all four simulated events. The pink shaded region is the largest region excluded by such an observation,
and corresponds to the most massive system considered (the same one as in the left panel). The gray shaded region corresponds to the ! min
constraint from the same system.

of nonspinning compact binaries are characterized by the set of
intrinsic parameters {m1,m2, ! 1, ! 2} (as well as higher-order
tidal deformability and tidal heating coe" cients that are negli-
gible at the accuracies to which we are working) and several
extrinsic parameters describing the location, orientation and
the arrival time of the signals at the detector. We simulate ob-
servations of nonspinning binary black holes with parameters
similar to LIGO’s first four putative binary black hole events,
using the median values of the masses in the detector frame
(i.e., including cosmological redshift) [3–6].2

The sky-location and orientation of the binaries were chosen
in such a way that the signal-to-noise ratio (SNR) of the signals
is consistent with the expected distributions in the upcoming
observations (see Table I). We then estimate the posterior dis-
tributions of these parameters using the LALInferenceNest
code [51], which provides an implementation of the Nested
Sampling algorithm [52] in the LALInferencesoftware [53].
We use flat priors on m1,m2, ! 1, ! 2; for derived quantities we
use the priors induced from these flat priors. We have checked
that the data are su" ciently informative that the posteriors do
not resemble the priors. The parameter estimation is performed
assuming a two-detector Advanced LIGO network with sensi-
tivity anticipated in the upcoming observational run [modeled
by the “late-high” power spectral density (PSD) [50] with a
low-frequency cuto# of 15 Hz]. We choose to present the
expected results from future observations since the SNRs avail-
able for the existing events do not allow us to derive interesting

2 Note that all the LIGO-Virgo events that we simulate, except the lowest-
mass one, are consistent with binaries of nonspinningobjects at the 90%
credible level [3–6].

constraints using the self-consistent analysis that we describe
below.

Note that, depending on the EOS, the compact objects can
come in contact at di#erent GW frequencies, causing the inspi-
ral to end. Thus, for each simulated observation, we compute
the posterior distributions by truncating the likelihood integral
at di#erent cuto# frequencies, and compute the 90% credible
upper limits on ! 1, ! 2 and lower limits on m1,m2 from the
marginalized one-dimensional posteriors. When constraining
the EOS, for each value of the polytropic index n, we choose
the upper/lower limits derived using an appropriate choice of
the cuto# frequency (see below).

We compute the contact frequency assuming that both stars
have the same polytropic index n, but possibly di#erent poly-
tropic constants K. We then choose the largest cuto# frequency
such that 90% of the posterior samples that have both ! s above
the minimum allowed by the EOS correspond to a contact
frequency greater than the cuto# frequency employed in the
posterior computation.3 If the best 90% credible upper bound
! ul on the tidal deformability is smaller than the ! min cor-
responding to this EOS, the data exclude the possibility of
both stars being described by this EOS at high confidence.
Moreover, for a given polytropic index n, the minimum Mmax
sets the minimum allowed value of the polytropic constant
K. Therefore, the best 90% credible lower bound mll on the
component masses puts a constraint on K for the values of n

3 We allow the stars to have di#erent polytropic constants since we do not
expect the structure of black hole mimickers to be described exactly by a
polytropic equation of state. We could also allow the stars to have di#erent
polytropic indices, but for simplicity have not allowed that extra freedom in
this initial study.
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[Johnson-McDaniel et al 2018]

Constraints from simulated GW150914-like simulated BBH 
event. Analysis on LIGO-Virgo BBH events in progress.$8



Multipole moments of a Kerr BH
No-hair  conjecture
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Mass-type multipoles

Current type multipoles

Dimensionless spin

Mass

Mass quadrupole of a compact object

Ql + iSl = M l+1(i! )l

Q2 = ! M3�2,with BH " 1

Spin octupole of a compact object

BH mimickers
! NS ! 2 " 14

! BS ! 10" 150

! GS ! + / "

! NS ! 4 " 30

! BS ! 10" 200

! = |S|/M 2

S3 = ��M4 �3 with �BH ⌘ 1
Measure these parameters

which are present in the spin-dependent
terms of the GW phasing.



RESULTS

[N. V. Krishnendu, K. G. Arun, C. K. Mishra, PRL 119,  091101, 2017]

Advanced LIGO design sensitivity

(! 1, ! 2) = (0 .9, 0.8)

Signal to noise ratio is 10

!  Nearly equal mass systems with aligned-spin orientation give better constraints
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A “no-hair” test of binary black holes 

! Is the multipole structure of the 
BBH signal is consistent with the 
GR prediction?  

! Test the consistency of the 
parameters estimated from different 
spherical harmonic modes of the 
BBH signal.   

! Analogous to the test of “no-hair” 
theorem for stationary black holes 
based on the consistency of 
different quasi-normal modes. 

2

FIG. 1: In the middle panel, the thick (thin) contours show the 50%
(90%) credible regions in the joint posteriors of two parameters
! Mc and! q that describe discrepancies in the estimated parameters
using the quadrupole and non-quadrupole modes, estimated from a
simulated GR signal. Black histograms on the side panels show the
marginalized posteriors in! Mc and! q, while the cyan histograms
show the 1-dimensional posteriors in! Mc and! q estimated from the
data by introducing only one variation (say,! Mc) at a time, keeping
the other Þxed (say,! q = 0). It can be seen that the posteriors are
fully consistent with the GR prediction of! Mc = ! q = 0 (shown by
a Ò+Ó sign in the center panel and by thin black lines in side panels).
In the side panels, the dotted lines mark the 90% credible regions.
The simulated GR signal corresponds to a binary with total mass
M = 80M! and mass ratioq = 1/ 9 and an inclination angle! = 60"

observed by a single Advanced LIGO detector with an optimal SNR
of 25.

where the sum in the second term on the RHS is just over the
higher-order modes (H.O.M). Note that we allow a possibility
of inconsistency between the dominant mode and higher order
modes by introducing a deviation! ! := {! Mc, ! q} in the set
of intrinsic parameters that describe the higher order modes;
in GR,! ! = 0.

An interferometric GW detector observes a linear combina-
tion of the two polarizationsh+(t) andh#(t), given by

h(t) = F+(", #, $) h+(t $ t0) + F#(", #, $) h#(t $ t0), (0.3)

whereF+ andF# are the antenna pattern functions of the GW
detector,t0 is the time of arrival of the signal at the detector,
and (", #), $ deÞne the sky position and polarisation angle
of the GW source, respectively. For coalescing binary black
hole (BBH) systems in quasi-circular orbits, the observed
signalh(t) is described by a set ofintrinsic parameters! =
{Mc,q} andextrinsicparameters" := {t0, !,%0,dL, " , #, $} in
GR. In addition to the parameters that describe signals in
GR, we introduce a set of parameters! ! describing di" erence
between the intrinsic parameters used to generate the dominant
and subdominant modes. The combined set of parameters is
denoted as# = {! , " , ! ! }.

The datad(t) = n(t) + h(t) contains the observed signalh(t)
given in Eq. (0.3) along with noisen(t), which is modeled
as a stationary Gaussian random process. Given datad and
assuming a particular model of the waveform given in(0.2) as
our hypothesisH, we can compute the posterior distribution
of the set of parameters# making use of the Bayes theorem,
which states:

P(# |d, H) =
P(# |H) P(d |#, H)

P(d |H)
. (0.4)

Theposteriorprobability densityP(# |d, H) that the data con-
tains a signal with parameters# is determined by theprior
probability distributionP(# |H) and thelikelihoodP(d |#, H)
that the data contains a signal described by parameters#;
P(d |H) is a normalization constant, called theevidence. For
stationary Gaussian noise with power spectral densitySn( f ),
the likelihood can be written as:

P(d |#, H) = exp
!

$
1
2

" fhigh

flow

| ÷d( f ) $ ÷h( f ; #, H)|2

Sn( f )
d f

#
(0.5)

where flow and fhigh deÞne the sensitivity bandwidth of the
detector, while÷d( f ) and÷h( f ) are the Fourier transforms ofd(t)
andh(t), respectively.

Using the above deÞnition for the likelihood function, one
proceeds to estimate# by stochastically sampling over the
entire parameter space of interest. In this work, we use the
emcee[16] package, a Python implementation of the a# ne-
invariant ensemble sampler for Markov chain Monte Carlo
(MCMC) proposed by [17]. This code can be easily par-
allelized to use multiple computing cores, giving it a ma-
jor advantage over traditional MCMC algorithms1. From
the posterior distributionP(# |d, H) of the full parameter set,
we construct the posterior distributionP(! ! |d, H) of the set
of parameters describing deviation from GR prediction, by
marginalizing the posterior over all other parameters{! , " }. If
the data is consistent with GR, we expectP(! ! |d, H) to be
consistent with zero.

Simulations using GR waveforms:ÑWe now demonstrate
the power of the proposed test by making use of simulated
GW observations from binary black holes, where the wave-
forms are modeled after the GR prediction. We employ the
recent inspiral-merger-ringdown waveform model proposed
by Mehtaet al [12], which provide accurate Fourier-domain
models of the following spherical harmonic modesh&m( f )
of the expected GW signals from non-spinning binary black
holes: (& = 2,m = ±2), (& = 2,m = ±1), (& = 3,m = ±3),
(&= 4,m = ±4). (The other spherical harmonic modes that are
neglected only introduce an inaccuracy (mismatch) of less than
1% in the waveforms [12]). GW observations are simulated
by combining these signals with stationary Gaussian noise
with power spectral density anticipated in Advanced LIGOÕs
Òhigh-power, zero-detuningÓ conÞguration [20], making use

1 We have compared the posterior distributions obtained from ouremcee
based code with that from the Nested-Sampling basedLALI nferenceNest
code [18] that is part of the LIGO Algorithm Library (LAL) software
suite [19]. Posteriors obtained from simulated GR waveforms containing
only the dominant (&= 2,m = ±2) modes observed by a single detector are
in good agreement.

[Dhanpal et 
al 2018]

Posteriors of two parameters describing 
the consistency of the chirp mass and mass 
ratio estimated from quadrupole and non-

quadrupole modes

$11



Testing General Relativity
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Testing GR in the highly relativistic regime 

! Test the consistency of the mass & spin 
of the final BH estimated from the 
inspiral & post-inspiral parts of the 
observed signal.

LIGO-P150914-v12

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full band-
width of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical-relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Kep-
lerian effective black hole separation in units of Schwarzschild
radii (R

S

= 2GM/c 2) and the effective relative velocity given
by the post-Newtonian parameter v/c = (GM ⇡f /c 3)1/3, where
f is the gravitational-wave frequency calculated with numerical
relativity and M is the total mass (value from Table I).

At the lower frequencies, such evolution is characterized
by the chirp mass [46]

M =
(m1m2)3/5

(m1 +m2)1/5
=

c3

G


5

96
⇡�8/3f�11/3ḟ

�3/5

,

where f and ḟ are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and ḟ from the data in Fig. 1
we obtain a chirp mass of M ! 30M�, implying that the
total mass M = m1 + m2 is >" 70M� in the detector
frame. This bounds the sum of the Schwarzschild radii of
the binary components to 2GM/c2 >" 210 km. To reach
an orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this fre-
quency would be only ! 350 km apart. A pair of neutron
stars, while compact, would not have the required mass,
while a black hole-neutron star binary with the deduced
chirp mass would have a very large total mass, and would
thus merge at much lower frequency. This leaves black
holes as the only known objects compact enough to reach

an orbital frequency of 75 Hz without contact. Further-
more, the decay of the waveform after it peaks is consis-
tent with the damped oscillations of a black hole relaxing
to a final stationary Kerr configuration. Below, we present
a general-relativistic analysis of GW150914; Fig. 2 shows
the calculated waveform using the resulting source param-
eters.

Detectors — Gravitational-wave astronomy exploits multi-
ple, widely separated detectors to distinguish gravitational
waves from local instrumental and environmental noise, to
provide source sky localization from relative arrival times,
and to measure wave polarizations. The LIGO sites each
operate a single Advanced LIGO detector [32], a modi-
fied Michelson interferometer (see Fig. 3) that measures
gravitational-wave strain as a difference in length of its or-
thogonal arms. Each arm is formed by two mirrors, act-
ing as test masses, separated by L

x

= L
y

= L = 4 km.
A passing gravitational wave effectively alters the arm
lengths such that the measured difference is ! L(t) =
�L

x

# �L
y

= h(t)L, where h is the gravitational-wave
strain amplitude projected onto the detector. This differ-
ential length variation alters the phase difference between
the two light fields returning to the beamsplitter, transmit-
ting an optical signal proportional to the gravitational-wave
strain to the output photodetector.

To achieve sufficient sensitivity to measure gravitational
waves the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains
a resonant optical cavity, formed by its two test mass mir-
rors, that multiplies the effect of a gravitational wave on
the light phase by a factor of 300 [48]. Second, a partially
transmissive power-recycling mirror at the input provides
additional resonant buildup of the laser light in the interfer-
ometer as a whole [49, 50]: 20 W of laser input is increased
to 700 W incident on the beamsplitter, which is further in-
creased to 100 kW circulating in each arm cavity. Third,
a partially transmissive signal-recycling mirror at the out-
put optimizes the gravitational-wave signal extraction by
broadening the bandwidth of the arm cavities [51, 52].
The interferometer is illuminated with a 1064-nm wave-
length Nd:YAG laser, stabilized in amplitude, frequency,
and beam geometry [53, 54]. The gravitational-wave sig-
nal is extracted at the output port using homodyne read-
out [55].

These interferometry techniques are designed to maxi-
mize the conversion of strain to optical signal, thereby min-
imizing the impact of photon shot noise (the principal noise
at high frequencies). High strain sensitivity also requires
that the test masses have low displacement noise, which
is achieved by isolating them from seismic noise (low fre-
quencies) and designing them to have low thermal noise
(mid frequencies). Each test mass is suspended as the final
stage of a quadruple pendulum system [56], supported by
an active seismic isolation platform [57]. These systems
collectively provide more than 10 orders of magnitude of

3

inspir post-

[Ghosh et al PRD 94, 021101 (R) (2016),  
CQG 35 014002 (2017) ] 
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GW150914, our waveform models have much higher FFs
against numerical GR waveforms, we conclude that the noise-
weighted correlation between the observed strain signal and
the true GR waveform is ! 96%. This statement can be read
as implying that the GR prediction for GW150914 is veri-
fied to better than 4%, in a precise sense related to noise-
weighted signal correlation; and conversely, that e! ects due to
GR-violations in GW150914 are limited to less than 4% (for
e! ects that cannot be reabsorbed in a redefinition of physical
parameters).

Inspiral, merger and ringdown consistency test.We now
perform a test to show that the inspiral and merger/ringdown
parts of GW150914 do not deviate from the predictions of a
binary black-hole coalescence in GR. One way to do that is
to compare the estimates of the mass and spin of the remnant
obtained from di! erent parts of the waveform, using the rela-
tions between the binary’s components and final masses and
spins provided by NR [57].

We first explore the posterior distributions of the bi-
nary’s component masses and spins from the “inspiral” (low-
frequency) part of the observed signal, using the nested sam-
pling algorithm from the LALInference software library [50],
and then use formulae obtained from NR simulations to get
posterior distributions of the remnant’s mass and spin. The
inspiral part of the signal is defined as follows. We fix the
frequency at which the inspiral phase ends to f end insp

GW = 132
Hz, close to the MAP waveform’s merger frequency [3] (see
Figs. 2 and 5 below), and restrict the waveform model in the
frequency domain from 20 Hz to f end insp

GW . Next, we estimate
posterior distributions on the mass and spin of the final com-
pact object from the “post-inspiral” (high-frequency) signal
that is dominated by the contribution from merger and ring-
down stages (i.e., from the waveform model that extends from
f end insp
GW up to 1024 Hz), again using formulae obtained from

NR simulations. We notice that the expectation value of the
SNRdet from the MAP waveform whose support is only from
20 Hz to 132 Hz is " 19.5, while when the support is from
132 Hz to 1024 Hz it is " 16. Finally, we compare these
two estimates of the final Mf and dimensionless spin af , and
compare them also against the estimate performed using the
full inspiral–merger–ringdown waveform GW150914. In all
cases, we average the posteriors obtained with the EOBNR
and IMRPhenom waveform models, following the procedure
outlined in Ref. [3]. Technical details about the implementa-
tion of this test can be found in Ref. [58].

This test is similar in spirit to the ! 2 GW-search veto [2, 59]
that penalizes event candidates if their (noise-weighted) resid-
ual with respect to theoretical templates is too uneven across
frequency segments—a warning that some parts of the wave-
form are fit much worse than others, and thus the candidates
may be due to instrument glitches that are very loud, but
do not resemble binary-inspiral signals. However, ! 2 tests
are performed by comparing the data with a single theoret-
ical waveform, while in this case we allow the inspiral and
merger/ringdown partial waveforms to select di! erent physi-

40 50 60 70 80 90 100 110 120

Final massMf (M�)

0.0

0.2

0.4

0.6

0.8

1.0

F
in

al
sp

in
a

f po
st-

ins
pir

al

inspiral

IM
R

FIG. 3. Top panel: 90% confidence regions on the joint posterior
distributions for the mass Mf and dimensionless spin af of the final
compact object predicted from the inspiral (dark violet, dashed) and
measured from the post-inspiral (violet, dot-dashed), as well as the
result from a full inspiral-merger-ringdown (IMR) analysis (black).
Bottom panel: Posterior distributions for the parameters " Mf / Mf

and " af / af that describe the fractional di! erence in the estimates
of the final mass and spin from inspiral and post-inspiral parts. The
contour shows the 90% confidence region. The plus symbol indicates
the expected value (0, 0) in GR.

cal parameters. Thus, this test should be sensitive to subtler
deviations from the predictions of GR.

In Fig. 2 we show the EOBNR MAP waveform [3] with its
instantaneous GW frequency; the shaded areas correspond to
the 90% credible regions. The vertical line marks f end insp

GW =
132 Hz; see also Fig. 5 below, where we plot the MAP
frequency-domain amplitude and indicate the inspiral, inter-
mediate, and merger-ringdown regimes. In Fig. 3 we sum-
marize our findings. The top panel of Fig. 3 shows the poste-
rior distributions of Mf and af estimated from the inspiral and
post-inspiral parts, as well as from the entire inspiral–merger–
ringdown signal. It confirms the expected behavior: the in-

[LV
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+
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R
L 116, 

90% credible regions of the posterior 
distributions of the mass & spin of the Þnal 

BH estimated from the inspiral & post-
inspiral parts of the observed signal. 
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Testing the multipolar structure of GR
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Parmetrized-multipolar
phasing formula

GR limit : 
µ! ! 1

! ! ! 1
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Projected 1   bounds for Adv. LIGO 

Detector Sensitivity of Adv. LIGO, 
Luminosity distance of 100 Mpc.
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AdvLIGO:  3 multipoles
ET/CE:    4 multipoles

LISA: All the 7 multipoles



Search for strongly lensed binary black hole signals 

! A small fraction of BBH mergers could be 
strongly lensed, producing multiple 
observable signals from the same merger.  

%A Bayesian model selection method to 
identify strongly lensed events in the GW 
data. [Haris et al, 2018]

! Searched for strongly lensed BBH events 
in O1-O2 data. No evidence of lensing 
[arXiv:1901.02674]

%Counter-claim by arXiv:1901.03190! 

3

A fraction of binary black hole mergers strongly lensed by
galaxies would also be “multiply imaged” (Ng et al. 2018),
with time delays of hours to weeks between multiple im-
ages (Haris et al. 2018). In this geometric optics regime,
lensing only magnifies/demagnifies the lensed signals with-
out affecting their frequency profile. Thus, posterior distribu-
tions of the intrinsic parameters that determine the frequency
evolution of the signal (such as the redshifted masses and di-
mensionless spins of the black holes), estimated from multi-
ple images, will be consistent with each other. Also, since the
sky location of multiple images will be within the uncertain-
ties of the gravitational wave sky localization, we can safely
assume that the sky location estimated from multiple images
will also be consistent. So will be the estimated inclination
angle of the binary and the polarization angle. However, the
estimated luminosity distance from the two images will be in-
consistent since the distance is fully degenerate with the (un-
known) magnification of the signal.

From each pair of binary black hole signals detected by
LIGO and Virgo, we compute the ratio of the marginalized
likelihoods (Bayes factor) of the competing hypotheses: 1)
that, the pair of signals are strongly lensed images of a sin-
gle binary black hole merger, 2) that, they are produced by
two independent mergers. This Bayes factor can be written
as (Haris et al. 2018)

BL
U =

!
d✓

P(✓|d1) P(✓|d2)
P(✓)

, (3)

where ✓ denotes the set of parameters that describes the sig-
nal (excluding the luminosity distance and arrival time), P(✓)
denotes the prior probability distribution of ✓, while P(✓|d1)
and P(✓|d2) describe the posterior distributions of ✓ estimated
from the data d1 and d2 containing the pair of signals under
consideration.

The measured time delay ! t0 between two signals can also
be used to compute the likelihood ratio of the two hypotheses.
The Bayes factor between the lensed and unlensed hypotheses
can be written as (Haris et al. 2018)

RL
U =

P(! t0|HL)
P(! t0|HU)

, (4)

where P(! t0|HA) with A 2 {L, U} is the prior distribution
of ! t (under the lensed or unlensed hypothesis) evaluated at
! t = ! t0. The prior P(! t0|HU) of the unlensed hypothesis is
computed assuming that binary merger events follow a Pois-
son process. We use 714 days2 as the observation time for
computing P(! t0|HU). The prior distribution P(! t|HL) of the
time delay between strongly lensed signals is computed from
an astrophysical simulation that employs reasonable distribu-
tions of galaxy lenses, mass function of binary black holes and
redshift distribution of mergers, following Haris et al. (2018).

We compute BL
U from a pair of binary black hole signals

by integrating the joint posterior distributions of the binary
parameters estimated by the LALINFERENCENEST (Veitch
et al. (2015); LIGO Scientific Collaboration (2017)) code
using the gravitational waveform family IMRPHENOMPV2.
We use the posterior distributions of the following param-
eters ✓ := {m1,m2,a1,a2,cos✓a1,cos✓a2,↵,sin�,✓JN }, where

2 This is the total duration from the beginning of O1 to the end of O2.
In reality, the data is not available for the entire 714 days due to the limited
duty cycle of the Interferometers. We do not expect a significant change in
the prior distribution even if we include this correction.
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Figure 2. Scatter plot of the log10 Bayes factors BL
U computed from the con-

sistency of posteriors of signal parameters estimated from each pair of binary
black holes events and Bayes factors R L

U computed from the time delay be-
tween pairs of events. The significance of these Bayes factors is shown by
dashed lines (in terms of Gaussian standard deviations). This is estimated by
performing simulations of unlensed events in simulated Gaussian noise and
estimating the probability of unlensed events producing Bayes factors of this
value. In summary, we do not see any strong evidence for multiply lensed im-
ages in LIGO-Virgo binary black hole detections. Note that, out of 45 event
pairs, only those pairs with log10 Bayes factors greater than ! 2 are shown in
the plot. We have taken into account the effect of trials factor due the 45 event
pairs.

m1,m2 are the component masses, a1,a2 are the dimension-
less spin magnitudes, ✓a1,✓a2 are the polar angle of the spin
orientations (with respect to the orbital angular momentum),
↵,sin� denote the sky location, and ✓JN is the orientation of
the total angular momentum of the binary (with respect to the
line of sight). 3

Figure 2 presents a scatter plot of the Bayes factors BL
U and

RL
U computed from binary black hole event pairs observed by

LIGO and Virgo during the first two observation runs. Also
plotted in the background is the significance of these Bayes
factor values (in terms of Gaussian standard deviations). The
significance is estimated from simulations of unlensed binary
black hole events in Gaussian noise with power spectra of the
Advanced LIGO-Virgo network with design sensitivity, pre-
sented in Haris et al. (2018) 4. In summary, we do not see any
strong evidence for the hypothesis that any of the pairs of bi-
nary black hole signals are lensed images of the same merger
event. We have also repeated the same calculation employing
the waveform family SEOBNRV3 (Pan et al. 2014; Tarac-
chini et al. 2014; Babak et al. 2017). The Bayes factors that

3 Dai & Venumadhav (2017) have discovered that, if we neglect the effects
of spin precession and non-quadrupole modes, multiple images are related to
each other by specific phase shifts. Hence the consistency of the coalescence
phase ! c and polarization angle " , which is degenerate with ! c can also be
used to determine the consistency of multiple images. However, we are using
a more general waveform family that include spin precession, where such a
relationship does not hold. Hence we do not check the consistency of ! 0 and
" .

4 The significance of lensed event pairs will be even lower if we used the
actual O1-O2 noise spectra, due to the lower sensitivity. Hence this is an
optimistic estimate of the significance of these Bayes factors. Note that we
have also taken into account the trials factor from the 45 event pairs, from 10
events.

Bayesian likelihood ratio of the lensed-
vs-not lensed hypotheses obtained 

from O1-O2 events
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Precision probes of physics and astrophysics require accurate 
models of expected GW signals  

! Inspiral, merger and ringdown 
waveforms of non-spinning BBHs 
including the effect of non-quadrupole 
modes.

8

FIG. 7: Comparison between hybrid waveforms and our analytical phenomenological waveforms for a binary with total massM = 20M! and
mass ratioq = 10. Hybrid waveforms are constructed using all the modes with! " 4, except them = 0 modes. Phenomenological waveforms
are constructed by taking the (discrete) inverse Fourier transform of the analytical waveforms in the Fourier domain. The top panel corresponds
to a Òface-onÓ binary (inclination angle" = 0) while the bottom panel corresponds to an Òedge-onÓ binary (" = #/ 2). The two phenomenological
waveforms correspond to the current model with and without the! m = 32,43 modes.
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[19] A. Bohé et al., Phys. Rev. D 95, 044028 (2017), 1611.03703.
[20] A. Nagar et al., Phys. Rev. D 98, 104052 (2018), 1806.01772.
[21] S. Khan, K. Chatziioannou, M. Hannam, and F. Ohme (2018),

1809.10113.
[22] S. T. McWilliams (2018), 1810.00040.
[23] J. Blackman, S. E. Field, M. A. Scheel, C. R. Galley, C. D. Ott,

M. Boyle, L. E. Kidder, H. P. Pfei↵er, and B. Szilágyi, Phys.
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(a) For detection (b) For parameter estimation

FIG. 1: These plots summarize the region in the parameter space of nonprecessing black-hole binaries where contributions from
subdominant modes are important for detection (left) and parameter estimation (right). In the left panel, the shaded areas show the
regions in the parameter space where the loss of detection volume (for a Þxed SNR threshold) due to neglecting subdominant
modes is larger than 10%. In the right panel, shaded areas show the regions in the parameter space where the systematic errors in
any of the estimated parameters (M, ! , " e! ) are larger than the expected statistical errors for a sky and orientation-averaged SNR
of 8 (corresponding to an optimal orientation SNR! 20). The vertical axes report the total massM of the binary while horizontal
axes report the symmetric mass ratio! (the top horizontal axes show the mass ratioq). In each plot the three solid curves
correspond to di! erent e! ective spin values: blue for" e! " 0.5, green for" e! " 0 and red for" e! " # 0.5. The dashed green lines
show the same results for nonspinning binaries using a nonspinning template family from our previous work [13], these curves are
restricted toM < 200M$. The markers (triangles pointing up/down denoting binaries with aligned/anti-aligned spins and circles
denoting nonspinning binaries) indicate the data points that are used to construct the shaded regions and curves. The legend shows
the mass ratios and spins of the target signals featured in these plots. See Sec.III for a detailed discussion.

Fig. 1 summarizes the main results from this study. The
left plot shows the region in the parameter space where ne-
glecting the subdominant modes will cause an unacceptable
(more than 10%) loss in the detectable volume (appropriately
averaged over all orientations of the binary) for a Þxed SNR
threshold. The right plot shows the region in the parameter
space where neglecting the subdominant modes will cause un-
acceptably large systematic bias in the parameter estimation
(i.e., systematic errors larger than the expected statistical errors
for a sky- and orientation-averaged SNR of 8). Comparing
these results with our previous study employing nonspinning
templates (dashed green curves in Fig.1), we see that the use of
dominant mode templates with nonprecessing spins enhances
the e! ectualness in detecting nonspinning signals containing
subdominant modes, thus reducing the region in the parame-
ter space where subdominant mode templates are required for
detection. However, this is achieved at the cost of introducing
larger systematic errors in the estimated parameters, thus in-
creasing the volume of the parameter space where subdominant
mode templates should be used in the parameter estimation.

previous study of nonspinning binaries to the case of spinning binaries
with equal component spins. Our new study covers a larger region in the
parameter space (higher mass ratios and spins) that they consider. They also
use a template family with a single e! ective aligned spin parameter limited
to " e! < 0.6. As we use a template family with two aligned spin parameters,
we see better Þtting factors at the cost of a larger parameter bias.

This e! ect (better e! ectualness at the cost of larger systematic
errors) is more pronounced in the case of binaries with spins
anti-alignedwith the orbital angular momentum. Thus, sub-
dominant templates are required for detection of binaries with
anti-aligned spins only over a small region in the parameter
space; but they are required for parameter estimation over a
large region. This e! ect is reversed in the case ofalignedspins.

The rest of this paper is organized as follows: Sec.II provides
details of the methodology and Þgures of merit for this study.
Sec.III discusses our results including how we arrive at Fig.1.
Finally, Sec.IV has some concluding remarks, limitations of
this work and targets for future work. Please note our notation
for the rest of this article:M refers to the total mass of the
binary,m1 andm2 refer to the component masses," 1 and" 2
refer to the dimensionless spin parameters;" 1,2 = S1,2/ m2

1,2
whereS1,2 are the spin angular momenta of the components.
We only consider spins aligned/anti-aligned with the orbital
angular momentum. The mass ratio is denoted byq = m1/ m2
while ! = m1m2/ M2 denotes the symmetric mass ratio. We also
deÞne the e! ective spin parameters" e! = (m1" 1+m2" 2)/ M and
÷" e! = (m1" 1 # m2" 2)/ M. We refer to waveforms that include
contributions from sub-dominant modes (# % 4, m ! 0) as
ÒfullÓ waveforms, and waveforms that include only quadrupole
modes (# = 2,m = ±2) as ÒquadrupoleÓ waveforms. We refer
to the SNR averaged over orientation and inclination angles
as the orientation-averaged SNR, note that SNR along optimal
orientation is" 2.5 times the orientation-averaged SNR [21].

[Varma & Ajith, PRD!96, 

Neglecting the non-
quadrupole  modes will cause 
large systematic biases in the 

parameter estimation$18



Tidal deformability of the compact object

Qij = �� ✏ij

External tidal ÞeldInduced quadrupole moment

Tidal love number

k2 =
3
2

G! R! 5

k2 ! 0 for BHs

Dimensionless tidal love number

Cardoso et al, 2017

Damour & Nagar, 2009
Bennington & Poisson, 2009  19



Post-Newtonian waveforms

! (f ) =
3

128! v5

N!

k=0

" k vk

PN phasing PN coefÞcients (encode various non-linear interactions
in the binary dynamics)

Spin terms at 2PN [v^4], 3PN [v^6] and 3.5PN [v^7] contain
quadratic in spin interactions (kappa) and at 3.5PN the cubic

interactions (lambda).
KGA, Blanchet,  Bohe, Buonanno, Faye, Kidder, Marsat, Poisson, Porter,É(over the past several years)

[Spin-orbit, spin-spin, Tails, 
Tails of Tails, Tail^2, Memory, É] 

Can we estimate     from GW observations
and probe the  nature of the compact object?

!
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Parametrized TaylorF2 Phasing formula

�21

dE
dt

= ! F
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Energy balance : 

GW phasing in Frequency domain

 f (tf ) = 2⇡ftref ! �ref + 2

Z vref

v
(v3f ! v3)

E 0(v)

F(v)
dv
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Symmetric mass ratio v = ( ! mf )1/ 3
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<latexit sha1_base64="h4D5VrUEd2r8jwQEwspXUIctXQY=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaLUDchEUVXUnDjsoJ9QBPCZDpph04mcR6FErrxV9y4UMStn+HOv3HSVvB54HIP59zLzD1RxqhUrvtulRYWl5ZXyquVtfWNzS17e6clUy0waeKUpaITIUkY5aSpqGKkkwmCkoiRdjS8LPz2iAhJU36jxhkJEtTnNKYYKSOF9p6fSRoOfXKr6WjGaz7XR6FddZ1TtwD8TTxn2t0qmKMR2m9+L8U6IVxhhqTsem6mghwJRTEjk4qvJckQHqI+6RrKUUJkkE8PmMBDo/RgnApTXMGp+nUjR4mU4yQykwlSA/nTK8S/vK5W8XmQU55pRTiePRRrBlUKizRgjwqCFRsbgrCg5q8QD5BAWJnMKiaEz0vh/6R17Hiu412fVOsX8zjKYB8cgBrwwBmogyvQAE2AwQTcg0fwZN1ZD9az9TIbLVnznV3wDdbrB+2/lpY=</latexit><latexit sha1_base64="h4D5VrUEd2r8jwQEwspXUIctXQY=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaLUDchEUVXUnDjsoJ9QBPCZDpph04mcR6FErrxV9y4UMStn+HOv3HSVvB54HIP59zLzD1RxqhUrvtulRYWl5ZXyquVtfWNzS17e6clUy0waeKUpaITIUkY5aSpqGKkkwmCkoiRdjS8LPz2iAhJU36jxhkJEtTnNKYYKSOF9p6fSRoOfXKr6WjGaz7XR6FddZ1TtwD8TTxn2t0qmKMR2m9+L8U6IVxhhqTsem6mghwJRTEjk4qvJckQHqI+6RrKUUJkkE8PmMBDo/RgnApTXMGp+nUjR4mU4yQykwlSA/nTK8S/vK5W8XmQU55pRTiePRRrBlUKizRgjwqCFRsbgrCg5q8QD5BAWJnMKiaEz0vh/6R17Hiu412fVOsX8zjKYB8cgBrwwBmogyvQAE2AwQTcg0fwZN1ZD9az9TIbLVnznV3wDdbrB+2/lpY=</latexit><latexit sha1_base64="h4D5VrUEd2r8jwQEwspXUIctXQY=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaLUDchEUVXUnDjsoJ9QBPCZDpph04mcR6FErrxV9y4UMStn+HOv3HSVvB54HIP59zLzD1RxqhUrvtulRYWl5ZXyquVtfWNzS17e6clUy0waeKUpaITIUkY5aSpqGKkkwmCkoiRdjS8LPz2iAhJU36jxhkJEtTnNKYYKSOF9p6fSRoOfXKr6WjGaz7XR6FddZ1TtwD8TTxn2t0qmKMR2m9+L8U6IVxhhqTsem6mghwJRTEjk4qvJckQHqI+6RrKUUJkkE8PmMBDo/RgnApTXMGp+nUjR4mU4yQykwlSA/nTK8S/vK5W8XmQU55pRTiePRRrBlUKizRgjwqCFRsbgrCg5q8QD5BAWJnMKiaEz0vh/6R17Hiu412fVOsX8zjKYB8cgBrwwBmogyvQAE2AwQTcg0fwZN1ZD9az9TIbLVnznV3wDdbrB+2/lpY=</latexit><latexit sha1_base64="h4D5VrUEd2r8jwQEwspXUIctXQY=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaLUDchEUVXUnDjsoJ9QBPCZDpph04mcR6FErrxV9y4UMStn+HOv3HSVvB54HIP59zLzD1RxqhUrvtulRYWl5ZXyquVtfWNzS17e6clUy0waeKUpaITIUkY5aSpqGKkkwmCkoiRdjS8LPz2iAhJU36jxhkJEtTnNKYYKSOF9p6fSRoOfXKr6WjGaz7XR6FddZ1TtwD8TTxn2t0qmKMR2m9+L8U6IVxhhqTsem6mghwJRTEjk4qvJckQHqI+6RrKUUJkkE8PmMBDo/RgnApTXMGp+nUjR4mU4yQykwlSA/nTK8S/vK5W8XmQU55pRTiePRRrBlUKizRgjwqCFRsbgrCg5q8QD5BAWJnMKiaEz0vh/6R17Hiu412fVOsX8zjKYB8cgBrwwBmogyvQAE2AwQTcg0fwZN1ZD9az9TIbLVnznV3wDdbrB+2/lpY=</latexit>

PN Structure of TaylorF2 phasing formula



Multipole structure for compact binary with aligned spin
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Summary of the PN structure of the phasing formula Ñ 
Appearance of various multipole coe#cients  

Kastha+ 2019, In preparation



Testing the multipolar structure of GR
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GW ßux : 

UL = ML+
<latexit sha1_base64="6WqqOtQZfn63VQBOP/V4TnZxMSU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBb0IRS8eKlQwbbENYbPdtEs3m7C7EUrov/DiQRGv/htv/hu3bQ7a+mDg8d4MM/OChDOlbfvbKqysrq1vFDdLW9s7u3vl/YOWilNJqEtiHstOgBXlTFBXM81pJ5EURwGn7WB0M/XbT1QqFosHPU6oF+GBYCEjWBvp0fUbV3d+A50hv1yxq/YMaJk4OalAjqZf/ur1Y5JGVGjCsVJdx060l2GpGeF0UuqliiaYjPCAdg0VOKLKy2YXT9CJUfoojKUpodFM/T2R4UipcRSYzgjroVr0puJ/XjfV4aWXMZGkmgoyXxSmHOkYTd9HfSYp0XxsCCaSmVsRGWKJiTYhlUwIzuLLy6R1XnXsqnNfq9Sv8ziKcATHcAoOXEAdbqEJLhAQ8Ayv8GYp68V6tz7mrQUrnzmEP7A+fwCFM49+</latexit><latexit sha1_base64="6WqqOtQZfn63VQBOP/V4TnZxMSU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBb0IRS8eKlQwbbENYbPdtEs3m7C7EUrov/DiQRGv/htv/hu3bQ7a+mDg8d4MM/OChDOlbfvbKqysrq1vFDdLW9s7u3vl/YOWilNJqEtiHstOgBXlTFBXM81pJ5EURwGn7WB0M/XbT1QqFosHPU6oF+GBYCEjWBvp0fUbV3d+A50hv1yxq/YMaJk4OalAjqZf/ur1Y5JGVGjCsVJdx060l2GpGeF0UuqliiaYjPCAdg0VOKLKy2YXT9CJUfoojKUpodFM/T2R4UipcRSYzgjroVr0puJ/XjfV4aWXMZGkmgoyXxSmHOkYTd9HfSYp0XxsCCaSmVsRGWKJiTYhlUwIzuLLy6R1XnXsqnNfq9Sv8ziKcATHcAoOXEAdbqEJLhAQ8Ayv8GYp68V6tz7mrQUrnzmEP7A+fwCFM49+</latexit><latexit sha1_base64="6WqqOtQZfn63VQBOP/V4TnZxMSU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBb0IRS8eKlQwbbENYbPdtEs3m7C7EUrov/DiQRGv/htv/hu3bQ7a+mDg8d4MM/OChDOlbfvbKqysrq1vFDdLW9s7u3vl/YOWilNJqEtiHstOgBXlTFBXM81pJ5EURwGn7WB0M/XbT1QqFosHPU6oF+GBYCEjWBvp0fUbV3d+A50hv1yxq/YMaJk4OalAjqZf/ur1Y5JGVGjCsVJdx060l2GpGeF0UuqliiaYjPCAdg0VOKLKy2YXT9CJUfoojKUpodFM/T2R4UipcRSYzgjroVr0puJ/XjfV4aWXMZGkmgoyXxSmHOkYTd9HfSYp0XxsCCaSmVsRGWKJiTYhlUwIzuLLy6R1XnXsqnNfq9Sv8ziKcATHcAoOXEAdbqEJLhAQ8Ayv8GYp68V6tz7mrQUrnzmEP7A+fwCFM49+</latexit><latexit sha1_base64="6WqqOtQZfn63VQBOP/V4TnZxMSU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBb0IRS8eKlQwbbENYbPdtEs3m7C7EUrov/DiQRGv/htv/hu3bQ7a+mDg8d4MM/OChDOlbfvbKqysrq1vFDdLW9s7u3vl/YOWilNJqEtiHstOgBXlTFBXM81pJ5EURwGn7WB0M/XbT1QqFosHPU6oF+GBYCEjWBvp0fUbV3d+A50hv1yxq/YMaJk4OalAjqZf/ur1Y5JGVGjCsVJdx060l2GpGeF0UuqliiaYjPCAdg0VOKLKy2YXT9CJUfoojKUpodFM/T2R4UipcRSYzgjroVr0puJ/XjfV4aWXMZGkmgoyXxSmHOkYTd9HfSYp0XxsCCaSmVsRGWKJiTYhlUwIzuLLy6R1XnXsqnNfq9Sv8ziKcATHcAoOXEAdbqEJLhAQ8Ayv8GYp68V6tz7mrQUrnzmEP7A+fwCFM49+</latexit>

Nonlinear terms

Mass type radiative moments

VL = SL+
<latexit sha1_base64="ExLcKJLLR7/43EFZl987o3vkQ/g=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSIIQtkVQS9C0YuHHiraD2yXJZtm29AkuyRZoSz9F148KOLVf+PNf2Pa7kFbHww83pthZl6YcKaN6347S8srq2vrhY3i5tb2zm5pb7+p41QR2iAxj1U7xJpyJmnDMMNpO1EUi5DTVji8mfitJ6o0i+WDGSXUF7gvWcQINlZ6bAa1q/ughk5RUCq7FXcKtEi8nJQhRz0ofXV7MUkFlYZwrHXHcxPjZ1gZRjgdF7uppgkmQ9ynHUslFlT72fTiMTq2Sg9FsbIlDZqqvycyLLQeidB2CmwGet6biP95ndREl37GZJIaKslsUZRyZGI0eR/1mKLE8JElmChmb0VkgBUmxoZUtCF48y8vkuZZxXMr3t15uXqdx1GAQziCE/DgAqpwC3VoAAEJz/AKb452Xpx352PWuuTkMwfwB87nD4/2j4U=</latexit><latexit sha1_base64="ExLcKJLLR7/43EFZl987o3vkQ/g=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSIIQtkVQS9C0YuHHiraD2yXJZtm29AkuyRZoSz9F148KOLVf+PNf2Pa7kFbHww83pthZl6YcKaN6347S8srq2vrhY3i5tb2zm5pb7+p41QR2iAxj1U7xJpyJmnDMMNpO1EUi5DTVji8mfitJ6o0i+WDGSXUF7gvWcQINlZ6bAa1q/ughk5RUCq7FXcKtEi8nJQhRz0ofXV7MUkFlYZwrHXHcxPjZ1gZRjgdF7uppgkmQ9ynHUslFlT72fTiMTq2Sg9FsbIlDZqqvycyLLQeidB2CmwGet6biP95ndREl37GZJIaKslsUZRyZGI0eR/1mKLE8JElmChmb0VkgBUmxoZUtCF48y8vkuZZxXMr3t15uXqdx1GAQziCE/DgAqpwC3VoAAEJz/AKb452Xpx352PWuuTkMwfwB87nD4/2j4U=</latexit><latexit sha1_base64="ExLcKJLLR7/43EFZl987o3vkQ/g=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSIIQtkVQS9C0YuHHiraD2yXJZtm29AkuyRZoSz9F148KOLVf+PNf2Pa7kFbHww83pthZl6YcKaN6347S8srq2vrhY3i5tb2zm5pb7+p41QR2iAxj1U7xJpyJmnDMMNpO1EUi5DTVji8mfitJ6o0i+WDGSXUF7gvWcQINlZ6bAa1q/ughk5RUCq7FXcKtEi8nJQhRz0ofXV7MUkFlYZwrHXHcxPjZ1gZRjgdF7uppgkmQ9ynHUslFlT72fTiMTq2Sg9FsbIlDZqqvycyLLQeidB2CmwGet6biP95ndREl37GZJIaKslsUZRyZGI0eR/1mKLE8JElmChmb0VkgBUmxoZUtCF48y8vkuZZxXMr3t15uXqdx1GAQziCE/DgAqpwC3VoAAEJz/AKb452Xpx352PWuuTkMwfwB87nD4/2j4U=</latexit><latexit sha1_base64="ExLcKJLLR7/43EFZl987o3vkQ/g=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSIIQtkVQS9C0YuHHiraD2yXJZtm29AkuyRZoSz9F148KOLVf+PNf2Pa7kFbHww83pthZl6YcKaN6347S8srq2vrhY3i5tb2zm5pb7+p41QR2iAxj1U7xJpyJmnDMMNpO1EUi5DTVji8mfitJ6o0i+WDGSXUF7gvWcQINlZ6bAa1q/ughk5RUCq7FXcKtEi8nJQhRz0ofXV7MUkFlYZwrHXHcxPjZ1gZRjgdF7uppgkmQ9ynHUslFlT72fTiMTq2Sg9FsbIlDZqqvycyLLQeidB2CmwGet6biP95ndREl37GZJIaKslsUZRyZGI0eR/1mKLE8JElmChmb0VkgBUmxoZUtCF48y8vkuZZxXMr3t15uXqdx1GAQziCE/DgAqpwC3VoAAEJz/AKb452Xpx352PWuuTkMwfwB87nD4/2j4U=</latexit>

Nonlinear terms

Current-type radiative moments
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higher order termsE = �c2

2
⌫mv2

n

1� 1

12
(9 + ⌫)v2

o

+
<latexit sha1_base64="oYEd2Yl296T4/rz9mIlJo7qbKFs="></latexit><latexit sha1_base64="oYEd2Yl296T4/rz9mIlJo7qbKFs="></latexit><latexit sha1_base64="oYEd2Yl296T4/rz9mIlJo7qbKFs="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="+0bbJoNLDir3+pPmFmlkqnc4OFw="></latexit><latexit sha1_base64="+0bbJoNLDir3+pPmFmlkqnc4OFw="></latexit><latexit sha1_base64="+v77qmys8/5BLxS6ykdpnALSWZ4="></latexit><latexit sha1_base64="oYEd2Yl296T4/rz9mIlJo7qbKFs="></latexit><latexit sha1_base64="oYEd2Yl296T4/rz9mIlJo7qbKFs="></latexit><latexit sha1_base64="oYEd2Yl296T4/rz9mIlJo7qbKFs="></latexit><latexit sha1_base64="oYEd2Yl296T4/rz9mIlJo7qbKFs="></latexit><latexit sha1_base64="oYEd2Yl296T4/rz9mIlJo7qbKFs="></latexit><latexit sha1_base64="oYEd2Yl296T4/rz9mIlJo7qbKFs="></latexit>
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Luminosity distance of 100 Mpc.
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Projected 1   bounds for 3G detectors �
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Shilpa+  
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Detector Sensitivity of LISA, 
Luminosity distance of 3 Gpc.

Projected 1   bounds for LISA�
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Projected constraints

Measure chirp mass and mass 
ratio from dominant and 
subdominant modes.

Construct posteriors on their 
differences and ask how 
consistent they are with zero.

Dhanpal, Mehta+ 2018

M = 80M�, q = 9, ◆ = 60deg

SNR = 25, SNRHM = 10
P(q > 2, ! > 60 deg)! 5%
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